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ABSTRACT: The cascade theory has been applied for the calculation of averages of star-shaped molecules, which
can be measured by light scattering, i.e., the weight-average molecular weight M, and the z averages of the mean-
square radius of gyration (S2); and of the particle scattering factor P,(0). The study considers stars with large
spherical centers (microgel) whose chemical composition differs from that of the side chains. The centers are homo-
disperse in size while the linear side chains exhibit a Schulz-Flory distribution. Chain stiffness is taken into ac-
count but is restricted to stiff side chains which are linked to the center by free joints. In all cases analytic expres-
sions are derived for the true and apparent molecular and conformational averages.

In the last decade the investigation of star molecules has
been the subject of repeated interest. The preparation of
these simplest branched structures appeared attractive
especially to chemists because homodisperse molecules
with a definite number of side chains should be accessible
to synthesis by the technique of anionic polymerizationl-2¢
and these well-defined polymers would be ideal for exten-
sive tests of existing theories.21-2° Experience has shown,
however, that well-defined samples cannot be prepared as
easily as was at first thought. Frequently the number of
side chains is not identical for all molecules and conse-
quently a certain polydispersity is obtained.

It appeared desirable, therefore, to extend the existing
theories of Benoit,22 Berry and Orofino,?¢ and Casassa and
Berry28 to more general cases in which various kinds of po-
lydispersity, a certain chain stiffness, and various types of
molecules are included, and in which the star center is rela-
tively large and different in chemical composition from the
grafted side chains (copolymers).

For the solution of this problem the cascade theory of
Good?3%3! and of Gordon32-34 seems to be most appropriate
for two main reasons. First, in this theory the molecular
weight, the mean-square radius of gyration, and the parti-
cle scattering factor are only special cases of a general func-
tion. Second, it yields averages which are directly measur-
able by common techniques, e.g., the weight average of the
molecular weight, and the z averages of the mean-square
radius of gyration and the particle scattering factor. Fur-
thermore, this theory results in analytic expressions which
are often simple and are not restricted to either large de-
grees of polymerization or to Gaussian behavior, as was the
case in earlier theories,21-29

In the following, explicit calculations are performed for
stars with polydisperse linear side chains exhibiting a most
probable distribution for the chain length. From the theo-
retical standpoint this case is easier to handle than the cor-
responding homodisperse stars. It is also of experimental
interest, because such polydisperse side chains are grafted
during free radical polymerization in the presence of a po-
lyfunctional chain transfer agent. The more complicated
case of stars with homodisperse side chains will be treated
in part II.

No attempt is made, however, to take into account ex-
cluded volume effects.

Some General Considerations Concerning a Molecular
Assembly

The principles for the use of the cascade theory were dis-
played in papers of Gordon and his coworkers32-38 and in
papers on the calculation of the particle scattering factors

for randomly branched polycondensates34 and for polymers
built up of units of type

Following these principles one first has to choose any
unit of a branched molecule as the root of a tree. This gen-
erates, from the molecular assembly, a statistical forest of
trees in which each molecule, of degree of polymerization x,
is represented x times rooted once in each of its units.
Such a set of x trees is called a clone.4% Let n(x) be the
frequency of molecules of degree of polymerization x in the
actual chemical system. Then the corresponding clone in
the statistical forest represents the weight fraction w(x) «
xn(x).

The chemical nature of the central unit in star molecules
may be different from the units in the side chains. Under
these conditions the statistical forest can be partitioned
into trees having either units ¢ (center of the star) or s
(units of the side chains) as roots. This is schematically
demonstrated in Figure 1. The number fractions in the sta-
tistical forest of all c-rooted trees, w., and of all s-rooted
trees, w5, follow from the identity

> xonlx) > xgnlx)
an(x) — *e=! =+ xS:i = w, + w, = 1
b)) Snl) T
x=1 x=1 (la)
where
Xo + Xg = X (2)

Thus x . is the number of c-rooted and x, the number of s-
rooted trees for a molecule of DP = x. The number-frac-
tion distributions can be easily calculated, since it is the
convolution of the frequency distribution of the 7, say, side
chains with that of the center. Thus, the frequency distri-
bution of the star molecules is

n) = nbe)*nlvy 3)

where the asterisks signify convolution and the exponent f*
means an f-fold convolution of n(x,) (see Feller).#® In
terms of generating functions defined as follows

H,(0) = Ynl,)o*
H(0) = 2onlx,)6%s
H@) = Ynlx)o”
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Figure 1. Graph of a three-star molecule (above) and three rooted
tree representations (below). The first index indicates the number
of the generation to which a repeat unit belongs; s or ¢ designates
the type of unit, sb denotes a repeat unit s that belongs to a branch
bearing the central unit ¢ at its end, and sf denotes a unit s belong-
ing to a branch with a free end.

eq 3 becomes

H() = HO)[H,6) @)
Differentiation at § = 1 yields
Z:xn(x) = Z}xcn(xc) + 72xs"(ﬂfs)
DP, = DP,, + fDP,, (5)

Comparison with eq 1a leads to the relationships

DP, FDP,

N = _ e . h _= mr——— 6
“< = pp,.+ fDP,, ’ s = DP,, + fDP,, (62)

DP,. and DP, are the number-average degrees of poly-
merization of the center and of the grafted side chains, and
DP,, is the resulting number-average degree of polymeriza-
tion of the stars.

Equation 1a applies only if each unit of a molecule has
the same chance of becoming the root of a tree. In physical
experiments this is not always true, but the repeat units are
weighted according to their mass. This means a ¢ unit has
the relatively higher chance M /M, of becoming a root
than an s unit, if the mass M is larger than M.

The corresponding mass fractions follow now from the
identity

M Z x.nlx) M, Z xgnlx)
E]len(x) — cJcc=1 xg=1 _ mc " 77[5

2o M nlx) M nx) oM n(x)
(1b)

and are
M, M
_ ns . _ ng

Mo = Mnc + 7‘Mns » s = ‘Mnc + ans (Gb)

where M,. and M, are the number-average molecular
weights of the star center and the side chains. Evidently,
these equations are also valid for comb molecules; in the
following, however, the star center is considered as one unit
of high molecular weight, in which case x. = 1.

Number fractions and mass fractions are obtained here
in an elementary way with reference to a special case. In a
recent paper Gordon, et al.,42 derived a basic theorem
from which the weight fractions can be calculated quite
generally from the link probability generating functions.
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These functions lead also to the calculation of higher mo-
lecular averages and are introduced in the following sec-
tion.

It will be noticed that the weight-average degree of poly-
merization could be derived by a two-fold differentiation of
eq 4 at 8§ = 1. For the calculation of conformational aver-
ages, which is the purpose of this paper, the more compre-
hensive cascade theory is required.

The Link Probability Generating Functions

A further stage in the calculation of the mean structure
of a tree in Figure 1 is achieved by setting up the probabili-
ty generating functions for the various generations. The
root of a tree may be designated the zeroth generation; re-
peat units linked to the root are then members of the first
generation and the additional units linked to the members
of the first generation form the population of the second
generation, etc.

Starting with the /- functional star center as root, one has
for each functionality the probability « that it has reacted
with an s unit and the probability 1 — « for no reaction. Ac-
cording to the definition of a generating function the
probabilities of a distribution occur as coefficients in the
power series expansion in terms of the auxiliary variable 6;
therefore 6° indicates no reaction, ' reaction with one
functionality, 62 reaction with two functionalities, etc.
Thus, the generating function for a single functionality of a
star center is

F8)=1-a+ as, (1)

and the link probability generating function for the star
center as a whole is the f-fold convolution of F, and reads

Fpl0) = (1 = a + o) ®)

The index sf of the auxiliary variable indicates that the
reaction took place with an s unit from a chain, which has
one free end (Figure 1, bottom left).

Concerning trees with s units as roots one realizes from
Figure 1 that these trees have two branches which are not
alike, because the one branch leads to a free end, while the
other branch must eventually lead to the star center.
Therefore, the link generating function results from the
convolution of the two different branching possibilities and
is the product of the free-end generating function

Fee(6) =1 - B + Bbg;
and the bound-end generating function
Fa) = (1 - B8, + Bbsy

and reads

F(]s(e) = [1 -8 + Besf][(l - B)Gc + Besb] (Sb)
In these equations § is the probability for reaction of an s
unit with another s unit, and 1 — 3 is the probability for ne
reaction with an s unit. Thus, 1 — 3 signifies the end of a
chain reaction before deactivation by chain coupling or by
another termination reaction. Chain coupling to the star
center is indicated by the factor 6.1 (bound end), while all
other termination reactions are indicated by the factor 6.°
= 1 (free end).

To set up the probability generating functions for the
number of offspring of individuals on the first generation
and of all further generations, one has to take into account
that one functionality has already been used to link such a
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unit to its “parent” in the preceding generation. Thus

Fo0) = (1~ a+ af,)Y! (9a)
Fo;(6) = 1 - 8 + Bégy (9b)
Fnsb(g) = (1 - B)ec + Bgsb (gc)

The required mass fractions can be calculated either from
eq 6 or from the condition (basic theorem of Gordon4#0:48)

oF, 0y,
W, ?9: 8 85=1 = Ws 89: 8=8ge1 (10)
which yields an equation for the number fractions
wfoa = ws(l - B)
or the mass fractions
(1 - g,
me = —_
Olﬂws + (1 B)Mc (1 1)
m, = aﬂws

ST oaM, + (1 - BIM,

In these equations M, and M are the molecular weights
of the star center and the units of the side chains. The
same result could be obtained from eq 6 with the number-
average molecular weights for the star center M, = M,
(homodisperse center) and of the side chains M,,, = M /(1
—pB) (side chains with the most probable distribution) and
with an average number of side chains f = of.

Cascade Substitution

The probability generating functions describe only the
chances of reaction between two consecutive generations.
For the calculation of overall averages on the macromole-
cule, the event between all generations have to be joined.

This is accomplished by a recurrent cascade substitution of
the kind30-34.41-44,45

UO = mcUoc + WLSUOS (123)
Upe = 0%°(1 = a + aly 4 )
Oc 1,sf (12b)
Ups = 9°0%[1 - 8 + BUi,sf][(l = BVU4,. + BUj, )

Une ean(‘ 1-a+ C{Urui,sf)f-1

Unsf = 9¢"S(1 -8+ BUml,sf) (120)

s
Upsp = 6on ((1 - B)Umi,c + BUm-i,sb)

(Note that the star center can only be linked to a chain
with a free end.) The function ¢, which will be specified in
the next section, is a weighting factor for a unit in the nth
generation (a function of the path length from this unit to
the root). The indices ¢ and s indicate the type of unit in
the nth generation.

The generating function Uy(6) is called the path weight-
ing generating function,3 which for ¢, = 1 reduces to the
weight generating function used previously by Gordon and
his coworkers,32-35

Molecular and Conformational Averages

On differentiation of eq 12, molecular averages of physi-
cal significance are derived. For instance, as was shown
previously,®* with the specifications of eq 13 for ¢,, one ob-
tains
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Oy =1 Uy'(1) = DP,
‘bnc = Mc; '
¢ns = Ms} UO (1) - Mw
b, = &) Uy’ (1) = 2DP, (5%, 13
vl (dn\E .
o, = ex;{-——6——<)\—> sin® 6/2]
Uy’ (1) = DP_P,(©)

where the mean-square end-to-end distance (r,2) between
units in the nth generation and the root has to be further
specified owing to the fact that both ends can consist of ei-
ther ¢ or s units. (The type of root is indicated by the sec-
ond subscript of the two components U, and U, and the
other end of the path is indicated by the superscripts of the
weighting factors ¢, ¢ and ¢,,5.)
Differentiation of eq 12 yields

Upe' (1) = ¢0° + faUg' (1)

Ups' (1) = ¢0° + BU"(1) + (14a)
(1 = U (1) + BU, (1)

U'(D) = 6,° + (F = Dalp,a’(1)

Upst' (1) = &, + BUn,s¢ (1) (14b)

Upsy'(1) = 0,5 + (1 = QUp4, (1) + BUpnq, (1)

These recursion formulas can be replaced by the infinite
series

Uy (1) = “oF + fa E; giCe,)  (15a)

UO,s,(l) = sdDOS +
28 .:ZB"-%:) Fa- ﬁ)is”(w:) .
1 -8 - 1)a§e’=* Z':s"*%m (15b)

Two superscripts are now required to unambigiously assign
the two ends of a path (left, root; right, the upper end of
the path). Equations 15a and 15b comprise all possible
paths between a root and any unit in the n th generation.

If the root is a ¢ unit the path can end only with an s unit
(eq 15a). Both ends of a path may consist of s units; either
both ends belong to the same branch (first two terms in eq
15b) or the ends are in different branches (last term in eq
15b). The latter paths run through the star center and
therefore contain one s—c¢ and one c~s link. (The two differ-’
ent branches of these paths are labeled by the suffixes n
and k&, and the links s—c and c—s are associated with the link
probabilities 1 — 3 and «, respectively.)

Evidently, with this interpretation of the sums, the
mean-square end-to-end distances {r,2) between the root
of a tree and units in the nth generation are given by

‘Gt =0
c¢"s = Sd’)nc = bcsz + bsz(n - 1)
(16)

sd)ns — bs2n

sd)m-ks = Zbcs2 + bsz(n - 1) + bsz(k - 1)
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where b and b; are the effective bond lengths between two
¢ units or two s units; the effective bond length between a ¢
and an s unit may be defined by b, = (b2 + b,2)/2)1/2,
which corresponds to Gaussian statistics.

Similarly, the weighting factors for calculating the parti-
cle scattering factor are

‘P =1
O’ = 00" = ZooZs™!
am
"¢ = Z
*On’ = (20220025
where
Z, = exp(~b2h’/8)
Z.s = exp(—b,’h*/6) (18)
Z, = exp(-4°n*/6)
= (47/2) sin ©/2 (19)

Inserting the various weighting functions, as defined by eq
13, 16, and 17, into eq 15 the infinite series can be summed
with the following final results.

Degree of polymerization

—14+ 2 1+8 o
DPW_1+1_B+mS[1_B l—B] (20)
Molecular weight
M, =M, + M, [lfo‘ﬁ +msl—;—f—{;—9’] (21)

Mean-square radius of gyration

R R

214 _ 2
3DP. B[bcs (1-8)+ b8 +

1-8+2(f- 1o %
1-p7

[6.2(1 - 8) + bﬁs]} (22)

28 2
msmbs + my

Particle scattering factor

1 1-8Z, + faZ
Pz(e)—DPw{ e I—BZ +
1+8Z, ( —B)z _
| T -8

(F - Da (%7)2]} (23)

The mass fractions are given by eq 11. Equation 20 reduces
fora = 1and M, = M, (m,; = wg) to a relationship derived
previously by Schaefgen and Flory.46

Stars with Large Spherical Centers and Grafted
Chains Chemically Different from the Center

The equations for the particle scattering factors and the
mean-square radii of gyration derived so far are well estab-
lished approximations for homopolymers built up of small
repeat units. This approximation may lead to significant
errors, however, for stars in which the weight of the star
center deviates considerably from that of a repeat unit of
the side chain, where the corresponding refractive indices
are different, and where the star center is large and has a
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diameter of the order of the wavelength of the light used.

The effect of different molecular weights of the two
kinds of units becomes clear from the definition of the z av-
erage particle scattering factor4?

2.m M,P,(0)
meMx

where m, is the weight fraction of a polymer species of DP
= x in the assembly with molecular weight M, and particle
scattering factor P,(0). Equation 24 only reduces to the
usual expression

P,(®) = (24)

_ 2 M. xP,(6)

2 M X 25)

P,(®)

if, for all components

M x = MOx (26)
For copolymers, however, eq 26 is not valid.48:4°

One notices that the numerator of eq 24 would become
the weight-average molecular weight for P.(0) = 1. This
occurs for homopolymers at zero scattering angle and leads
to the conclusion that the weighting factors given by eq 16
and 17 have to be multiplied by M . for ¢¢, ¢ and %¢,, ¢ and
by M for all the other weighting factors, where M . and M
are the molecular weights of the star center and units of the
side chains, respectively.

A second correction arises from different refractive index
increments of the two types of units. As was shown by Be-
noit and Wippler*® the apparent particle scattering factor
P, (©) of a copolymer is given by

1 & & sin hry;
x'app(e) —2—- Z < h?’“ >

where »; and »; are the refractive index increments of the
units i and j which form the ends of a path and v is the av-
erage refractive index increment of the total polymer. Since

(27)

Vo= MV, + Mgl (28)
(v. and », being respectively the refractive index incre-
ments of units ¢ and s) the average value of v can become
zero if
MV, = — Mgl

and this may happen for nonzero values of v, and »,. Thus,
Py app(0) in general does not become unity at zero angle but
can have a considerably higher value. Due to this effect the
apparent molecular weight

(29)

M = lim Y, mM,P, ,..(©)

Ws 2pp
-0

may be also considerably higher than the true M ,4° lbe—
cause of eq 27

X

ZZZVIV #1

@17)
LA

er app (0)

R

This effect can easily be accounted for in the cascade theo-
ry. Since »; and »; occur only at the ends of a path (eq. 27)
one has to multiply the weighting factors ¢¢,¢ by g2, ¢¢,*°
by 885, and %¢, % by g2, where g. = v./v and g5 = vo/v.

The third correction to be applied has its origin in large
centers, since these cause additional interference effects.
Such cases are common for X-ray small-angle scattering
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but certainly rare for visible light.

An exception occurs if chains are grafted onto the sur-
face of latex particles or suitable microgels. Here one has to
make use of the full definition of the particle scattering fac-
tor of a molecule which readss®

P,©0) = — Z 2]27‘, sIn hr”>

where f; and f; are the so called structure factors of the re-
peat units { and j. The structure factors are related to the
particle scattering factors Py; (0) of the repeat unit through

fit = Py;©) (31)

Since Py;(0) can be well represented by the Guinier ap-
proximation®152

(30)

Py; (0) = exp(-1*(S%),,/3) (32)
the structure factor is
fi & exp(=1*(S%),;/6) (33)

where {S2); is the mean-square radius of gyration of the
ith repeat unit. Formally eq 30 is identical with eq 27, and
thus the required corrections are of the same type and are
performed by multiplying ¢¢,¢ by f.2 and 5¢,¢ by ffs and
S ® by fSZ.

Combining the three corrections described above one ob-
tains for the weighting factors for the particle scattering
factor

‘0.0 = Mgz
O, = Myg, g5 fofoZes 25"
0.8 = Mo, oo foZosZs™
6.5 = M, gszfs2 z"

s¢n+ks = Ms gszfsz[chan-i][chZsk-q

(34)

The mean-square radius of gyration follows from the se-
ries expansion of

Px! app (e)

“Ezgiflg,fj 512 M“> (35)

which reads

1 o1
Px, app(e) = Ezzglg] - Fﬁzzgigj[@fij% +
%0 + Sh;] +
1 % .
= Ezzglgj 1- 3_' <S >x,app> +to..
Thus

<Sz x,app< 2 Zzg,g) =
%Z)Egigj[<7’ij2> + (SPos + %05

This means that at each end of a path (i, j) the mean-
square radii of gyration of the corresponding repeat units
have to be added. From this one finds the weighting factors
of the apparent mean-square radius of gyration (cf. eq 16)
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by = M,g.22(5% ).
$0,° = MygoZelbes® + bsl(n — 1) + (SBy, + (Sl
0,0 = Mogoglbes? + b2ln = 1) + (S + (SDos] (36)
0" = Mg (b n + 2(5%)4]

20’ = My [20e," + b2 =1+ k= 1) + 2(8%), ]

Insertion of eq 33 into eq 15 yields for the apparent z-aver-
age particle scattering factor

Pz'aw(e)Mw - de:Mcgczfc Z'ngsgr:.]“sfc 1 fBZ } +
214+ 87

ms [Msgs.zfs 3Zs + Mcgcgsfcfs (‘—%)—Zéci +
2
Mgl - -ne (725 ) ] e

The apparent molecular weight follows from eq 37 by set-
tingZ.=1,Z,=1,and Z, = landalsof.=fs=1

af
Mg, app = Mg l:Mcgc + Mg8. 75 T-5 ] +

21 +8+ (f~1a
S[Msgs—T_T—

The apparent mean-square radius of gyration is obtained
by inserting eq 36 into eq 15. The passage from apparent to
true values of My, (S?),, and P, will be discussed in part
1L

+ Mcgcgs] (38)

1

<S2>z,app[wapp = E{Vn Msgogs 1— BG +
2

my I:A/Isgs2 _ B G2 + ‘McgcgsG1J+

m [M gc 2<S >Oc M, gsgc 1 (<SZ>OC + <SZ>OS ]

W1+ 8+ (f— N

myg l:ﬂ/lsgs 1=F 2(S% s +
V8. g5((5e + (800 |§ (39
where
6, =l CRLE
Gy = li_gbs? +(f~ 1DaG, (392)
Stiff Side Chains

An approximate solution of the effect of stiff chains on
the mean-square radius of gyration and the particle scat-
tering factor can be derived if the chain stiffness is restrict-
ed to the side chains, while the joints to the star center are
considered to be flexible links. On these assumptions the
only change necessary is to substitute the end-to-end dis-
tance function (r,?) for stiff chains and the corresponding
Fourier transform of the distance distribution (sin hr,/
hr,) into the weighting factors.

The Fourier transform for a Porod wormlike chain5? was
calculated by Daniels to a second-order approximation and
may be written as54.55
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<S“"” > = (1+ G, X2, + C, 525(2) (40

where

x2 - 1+ cos yhzbz 2_qh'2b2

1—cosvy q 8
g=1—-cosvy

Z, = exp(—X*/6) (41)

and
11-g4
C,.= ——l—[—l(lo - 10 + 3¢%) +
ig: 15g(2-gL 2

la-eg+30] (@

In these equations v is the complementary apparent va-
lence angle between two consecutive bonds. The parameter
q is related to the persistence length a and the bond length
b through

1/q = a/b, (43)

and is a useful stiffness parameter, since a/bs represents
the number of bonds per persistence length.

Instead of the set of eq 33 the following weighting factors
have to be used in calculating the particle scattering factor

0 = M, g.!

8 -
‘o,° Msgsgcfschcs[(l + CpXN 28 + Cpyaip Zs” 1]

8¢,° = ]Vlcgsgcfsfczcs[(l + criXZ\)an-1 +C, E—X‘Z—Z - :l
6,0 = M, gy’ [(1 + Cp XHZ + sza_Xz"Z "]

S0 = Mg Z 32[(1 + CHXZ)ZS”“ +

N= 2 -1 Y kel
szﬁz ][(1 tCpXNZS Gy aXZZ ] 49

After insertion in eq 15a and 15b the result may be summa-
rized as

P 0p(0) My = mo[M, g2 + Mg gof feafY1] +
ms[w[sgs?f:YZ + A/[cgcgsf;f’s(l - B)Yl +

M, g f (1~ B)(f - Day’] (45)
where

Y1=Z[1+C,,,X2__cﬁZ 8z ]
1-pz, 6 (1-8Z)}

1+ 82, Cw P2,
T=pZ. 3 (- ﬂZs)2] (46)

Y, = |:(1 + cpixz)

The mean-square end-to-end distance between two arbi-
trary repeat units of a stiff chain with freely rotating units
is known exactly®® and can be rewritten in terms of the ef-
fective bond length bss and the stiffness parameter ¢
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<’rn2>s = beff,sQ{n - 2C1{1 -(1- CI)"]} (47

where
2-¢q
q

bose.sl = byt (48)

eff,s

1._

“e- q)q (49)

C,

The index s indicates that only side chains are considered.
Correspondingly, for the mean-square radius of gyration of
stars with stiff side chains but flexible joints to the center,
the weighting factors are

S¢OS = Mcg022<82>00
c¢n5 = IW gsgc{ + <’V 2>s + <52>00 + <SZ>Os]
s¢nc = Mcgcgs[bcs + <’V -12>s + <S>Oc + <S>05] (50)

$¢.5 = M g 2[(r,D), + 2(S)os)
$pr = Mgy [2bcs + Tt >s + <’Vk-112>s + 2<S>Os]

Inserting eq 50 into eq 15a and 15b the following result for
the apparent mean-square radius of gyration is obtained

<52>z’aw — <52>z’ a”G anss __ <Sz>z’a”non-G anss (51)
where (S2) ,app®8Uss is given by eq 39 when b2 is replaced
by b efts% the correction term is

<82 non-Gauss

>zy app

bifj.s? C1Bq
My, 1 - B(1-¢q)

1+ (f- 1«
1-8

o]
[mcMsgcgsl _fB +

2m M, g + msMcgcgsJ (52)

References and Notes

(1) M. Szwarc, M. Levy, and R. Mikovitch, J. Amer. Chem. Soc., 78, 2656
(1956).
(2) M. Morton and L. J. Fetters, Macromol. Rev., 2, 71 (1967).
(3) J. F. Henderson and M. Szwarc, Macromol. Rev., 3, 317 (1968).
(4) M. Morton, T. E. Helminiak, S. D. Gadkary, and F. Bueche, J. Polym.
Sei., 57,471 (1962).
(5) F.J. Wenger and S.-P. S. Yen, Polym. Prepr., Amer. Chem. Soc., Div.
Polym. Chem., 3, 6 (1962).
(6) V. R. Allen and T. G. Fox, Polym. Prepr., Amer. Chem. Soc., Div.
Polym. Chem., 3,6 (1962).
(7) T. A. Orofino and F. J. Wenger, J. Phys. Chem., 67, 566 (1963).
(8) G.C.Berry, L. M. Hobbs, and V. C. Long, Polymer, 4, 31 (1963).
(9) S.-P. S. Yen, Makromol, Chem., 81, 152 (1965).
(10) D. P. Wyman, L. J. Elyash, and W. J. Frazer, J. Polym. Sci., Part A-3,
681 (1965).
(11) T. Altares, D. P, Wyman, V. R. Allen, and K. Mey, J. Polym. Sct., Part
A-3, 4131 (1965).
(12) R.P. Zellinsky and C. F. Wofford, J. Polym. Sci., Part A-3, 93 (1965).
(13) J. A. Gerrasi and A. B. Gosnell, J. Polym. Sci., Part A-1, 4, 1391 (1966).
(14) H. Benoit, Z. Grubisic, P. Rempp, D. Decker, and J. G. Zilliox, J. Chim.
Phys. Physicochim. Biol., 63, 1507 (1966).
(15) P. Rempp, Polym. Prepr., Amer. Chem. Soc., Div. Polym. Chem., 7,
141 (19686).
(16) D. Decker, Makromol. Chem., 125,136 (1969).
(17) D. J. Worsfold, J.-G. Zilliox, and P. Rempp, Can. J. Chem., 47, 3379
(1969).
(18) S. Bywater and J. E. L. Roovers, Macromolecules, 5, 384 (1972).
(19) J.-C. Meunier and R. van Leemput, Makromol. Chem., 142, 1 (1971).
(20) E. F. Casassa and Y. Tagami, J. Polym. Sci., Part A-2, 63 (1968).
(21) B. H. Zimm and W. H, Stockmayer, J. Chem. Phys., 17,1301 (1949).
(22) H. Benoit, J. Polym. Sci., 11, 507 (1953).
(23) W. H. Stockmayer and M. Fixman, Ann. N. Y. Acad. Sci.,
(1953),
(24) T. A. Orofino, Polymer, 2, 295, 305 (1961).

57, 334



Vol. 7, No. 6, November-December 1974

(25) E.F.Casassa,J. Chem. Phys., 37,2176 (1962); 41, 3213 (1964).

(26) G.C.Berry and T. A. Orofino, J. Chem. Phys., 40,1614 (1964).

(27) Ch. Ruscher and H. Dauzenberg, Faserforsch. Textiltech., 16,1 (1965).

(28) E.F. Casassa and G. C. Berry, J. Polym. Sci., Part A-2, 4, 881 (1966).

(29) H. Dauzenberg and Ch. Ruscher, JJ. Polym. Sci., Part C, 17, 2913
(1967).

(30) L J.Good, Proc. Cambridge Phil. Soc., 45, 360 (1949).

(31) L. J. Good, Proc. Roy. Soc., Ser. A, 272, 54 (1963).

(32) M. Gordon, Proc. Roy. Soc., Ser. A, 268, 240 (1962).

(33) D. 8. Butler, M. Gordon, and G. N. Malcolm, Proc. Roy. Soc., Ser. A,
295, 29 (1966).

(34) K. Kajiwara, W, Burchard, and M. Gordon, Brit. Polym. J., 2, 110
(1970).

(35) G.R. Dobson and M. Gordon, J. Chem. Phys., 41, 2389 (1964).

(36) M. Gordon and G. R. Scantlebury, Proc. Roy. Soc., Ser. A, 292, 380
(1966).

(37) M. Gordon, Collog. Math. Soc. Janos Bolgai, 4, 511 (1970).

(38) K. Kajiwara, Polymer, 12,57 {1971).

(39) W. Burchard, Macromolecules, 5,604 (1972).

(40) M. Gordon and T. G. Parker, Proc. Roy. Soc. Edinburgh, Sect. A, 69,
181 (1971).

(41) W. Feller, “An Introduction to Probability Theory,” Vol 1, Wiley, New
York, N.Y., 1968, Chapter 12,

(42) M. Gordon, T. G. Parker, and W. B. Temple, J. Combination Theory,
11, 142 (1971).

(43) (a) Equation 10 has a simple meaning. As can easily be verified, the
partial differential quotient (6Fq./#8s)s=1 gives the average number of s
units linked to a star center and correspondingly (6Fs/68.)4=1 is the
number of star centers linked on the average to an s unit. Therefore eq

Stars with Homodisperse Side Chains 841

10 states the trivial mass conservation condition that the total number
of s units linked to star centers equals the total number of star centers
which are linked to s units. (b) In a completely random process F,, (6) (n
> 0) can also be derived from Fy(6) through Gordon’s theorem. How-
ever, this theorem is not applicable to chains with correlation between
the link probabilities of units which are separated by more than two
generations (second shell substitution effect). The attached side chains
of the star molecules imply a particular long-range correlation between
the link probabilities, because a repeating unit from a free end branch
can be linked only to another unit from that branch but not with one
from the bound end branch. Such a correlation is characteristic for
chain processes where the reaction can proceed only in one direction.

(44) Th. Harris, “The Theory of Branching Processes,” Springer-Verlag,
Berlin, 1963, Chapters 1 and 2.

(45) 1. d. Good, Proc. Cambridge Phil. Soc., 51, 240 (1955).

(48) J. R. Schaefgen and P. J. Flory, J. Amer. Chem. Soc., 70, 2709 (1948).

(47) See, for instance, C. Tanford, “Physical Chemistry of Macromole-
cules,” Wiley, New York, N.Y., 1957, Chapter 5.

(48) H. Benoit and C. Wippler, J. Chim. Phys. Physicochim. Biol., 57, 524
(1960).

(49) W. Bushuk and H. Benoit, Can. J. Chem., 36, 1616 (1958).

(50) P. Debye, Phys. Z., 31,419 (1930).

(51) A. Guinier, Ann. Phys. (Leipzig), 12, 161 (1939).

(52) A. Guinier and G. Fournet, “Small Angle Scattering of X-rays,” Wiley,
New York, N.Y., 1955.

(53) G. Porod, Monatsh. Chem., 2, 251 (1949).

(54) H. E. Daniels, Proc. Roy. Soc. Edinburgh, 63, 290 (1952).

(55) W. Burchard and K. Kajiwara, Proc. Roy. Soc., Ser. 4, 316, 185 (1970).

(56) H. Eyring, Phys. Rev. 39, 746 (1932).

Statistics of Star-Shaped Molecules. II. Stars with Homodisperse

Side Chains

Walther Burchard

Institute of Macromolecular Chemistry, University of Freiburg, 78 Freiburg i.Br., West Germany.

Received January 3, 1974

ABSTRACT: The cascade theory, known to be a powerful method when dealing with random processes, has been
extended to cover the problem of copolymeric star molecules with side chains of equal length. This has been ef-
fected by introducing a special form of correlation between probabilities in the zeroth and nth generations. Analyt-
ic formulas are derived for the apparent and true values of the weight-average molecular weight and the z averages
of the mean-square radius of gyration and the particle scattering factor. The particle scattering factors exhibit
characteristic upturns in Zimm plots; the upturn is increased with the number of side chains and is more pro-
nounced for homodisperse side chains than for side chains with a random length distribution. The envelopes of the
particle scattering factors show increasingly marked downturns at large angles of scatter for stiff chains, resulting
in typical S-shaped curves in Zimm plots. Particular attention is given to the apparent and true averages of the mo-
lecular weight and of the conformation of copolymeric stars. The resulis are expressed in terms of heterogeneity pa-
rameters P and € defined by Benoit and Froelich for block copolymers. For star molecules @ is shown to be a sim-
ple function of P and the mass fraction of the star center, while P depends on the difference between the weight-

and number-average molecular weight.

The star molecules considered in the preceding paper
(part I) are characterized by a most probable length distri-
bution for the attached side chains. In this paper the case
of homodisperse side chains is treated. Although this prob-
lem was solved approximately by Benoit,! more general re-
lationships can be obtained by an extension of the existing
cascade theory. To make this intelligible a characteristic
and slightly hidden correlation between the link probabili-
ties in star molecules may be discussed in some detail.

In the previous case of stars with most probable length
distribution for the side chains three link probabilities had
to be distinguished for the side chains: (i) the probability 3
that an s unit of the side chain is linked to another s unit of
the same chain, (ii) the probability (1 — 8) that a function-
ality of the s unit is not linked, and (iii) the probability (1
— B)p . that the s unit is linked to a unit ¢ of the star center,
where for the coupling probability p. = 1 has been as-
sumed. More generally one has p. < 1, and in such a case (1
— B)(1 = p.) indicates the probability that a fraction of (1
— p¢) of all linear s chains is not linked to the center. The

fact that the one end of the side chain is attached to the
center while the other is free implies a special correlation
between the link probabilities. In a completely random
process the two functionalities of a bifunctional unit are in-
distinguishable. In this case, however, the functionality fac-
ing the free end has the chance 8 for a link and (1 — 3) for
no reaction, and the same situation holds for any other gen-
eration of the branch that leads to the free end; the func-
tionality facing the attached end, on the other hand, has
again the probability 8 for a link to another s unit, but the
alternative is now (1 = 8)p. for the link probability with a
unit of the star center, and the same situation persists for
all higher generations of that attached branch. This type of
correlation, which is also typical for the chain process of a
free radical polymerization, has been accounted for in part
I by a special labeling of the generating functions. Yet, the
probabilities remain identical in all generations; in other
words 3 has been assumed to be independent of the num-
ber of s units between the center and an s unit selected at
random.



